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A REFINEMENT OF THE GENERALIZED CHORDAL DISTANCE 



AMOL SASANE 



Abstract. For single input single output systems, we give a refinement d c , r of the gen- 
eralized chordal metric d c introduced in [8]. Our metric d c ,r is given in terms of coprime 
factorizations, but it coincides with the extension of Vinnicombe's ^-metric given in Ball 
and Sasane Q] if the coprime factorizations happens to be normalized. The advantage of 
the metric d c , T introduced in this article is its easy computability (since it relies only on co- 
prime factorizations, and does not require normalized coprime factorizations). We also give 
concrete formulations of our abstract metric for standard classes of stable transfer functions. 
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1. Introduction 



q 

The Vinnicombe ^-metric introduced in [10] and its abstract version given in [I] both rely 
on finding normalized coprime factorizations. This is a troublesome aspect of the theory, since 

(1) Although merely coprime factorizations may exist, a normalized coprime factoriza- 
tion may fail to exist: for example in the article [9] by Sergei Treil, it was shown 
that the set plants in the field of fractions of the disk algebra possessing normalized 
coprime factorizations is strictly contained in the set of plants possessing coprime 
factorizations. 

qs ■ (2) Even if they exist, normalized coprime factorizations might be impossible to find 

lf~) , using a constructive procedure: for example, in the paper [6] by Jonathan Partington 

-H- | and Gregory Sankaran, it is shown that in the case of delay systems, in general the 

C2 ■ relevant spectral factorizations for finding normalized coprime factorizations cannot 

be determined by solving any finite system of polynomial equations over the field 
M(s,e s ). 

The goal in this paper is to show that this problematic feature of the z/-metric can be elim- 
rS ■ mated, at least in the case of single input single output systems, by redefining the i/-metric, 

which relies only on coprime factorizations, rather than normalized coprime factorizations. 
The starting point is the generalized chordal distance d c introduced in [8] given in terms of 
coprime factorizations, and then considering a refinement d C)r of this chordal distance akin 
to the ^-metric d v . It turns out that the metric d c ^ T coincides with the v- metric if one has 
normalized coprime factorizations at hand. But since our metric is in fact only defined us- 
ing coprime factorizations, the burden of working with normalized coprime factorizations is 
completely eliminated. Our main results are then that d c , r defines a metric on the set of 
all elements admitting a coprime factorization, and stabilizability is a robust property of the 
plant. The precise statements of the results are given in Theorems 12.31 and 12.51 after the 
notation has been introduced in the next section. 
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2. Setup and preliminaries 

Our setup is the following: 

(Al) R is commutative integral domain with identity. 

(A2) S is a commutative C*-algebra such that R C S, that is there is an injective ring 

homomorphism I : R —> S. 
(A3) Let inv S to denote the invertible elements of S. There exists a map t : inv S — > G, 

where (G, +) is an Abelian group with identity denoted by o, and i satisfies 

(11) t{ab) = i{a) + i{b) (a, b £ inv S). 

(12) i(a*) = -i{a) (a £ inv S). 

(13) l is locally constant, that is, t is continuous when G has the discrete topology. 

(14) x £ R n (inv S) is invertible as an element of R if and only if i(x) = o. 

(15) If x € 5 and x > 0, then t(x) = o. 

(A3) allows identification of elements of R with elements of S. So in the sequel, if x is an 
element of R, we will simply write x (an element of SI) instead of I(x). A consequence of 
(13) is the following nomotopic invariance of the index [l] Proposition 2.1], which we will use 
in the sequel. (14) is to be thought of as an abstract Nyquist criterion. We also remark that 
there are salient differences in the setup in [T] versus the above. In particular, we take S to 
be a C*-algebra, whereas in pQ, S was a Banach algebra, and also the condition (15), which 
is critically used in our proofs, was missing in the framework of pp. 

Proposition 2.1. If H : [0, 1] — > inv S is continuous, then i(H(0)) = t(iJ(l)). 

We also introduce the following standard notation and terminology: 

¥(R) denotes the field of fractions of R. Given p € F(i?), a factorization 

n 
P= d' 

where n G R, d £ R \ {0}, is called a coprime factorization of p if there exist x, y £ R such 
that 

nx + dy = 1. 

We denote by S the set of all elements in ¥(R) that possess a coprime factorization. 

The maximal ideal space of S is denoted by M(S). If x £ S, then we denote by x the 
Gelfand transform of x. Also, by the Gelfand-Naimark Theorem Theorem 11.18], 

||x||s< = Hxllsoo = max |x(^)|. 
<peM(S) 

Let pi,P2 £ §(-R) have coprime factorizations 

ni n 2 

pi = — and p 2 = — . 
di d 2 

Then the chordal pointwise distance function K pitP2 is 

(,n\- |ni(v?)d 2 (^)-n^(y)di(y)| , ncA f(q\ 

V|fil(^)| 2 + IdiMI V l^)| 2 + M2MI 2 

The function k given by the above expression is well-defined, that is, it does not depend on 
the choice of coprime factorizations for each of the plants; see [8]. 
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Definition 2.2. For pi,P2 G §, with coprime factorizations 

ni n 2 

Pi = -T-, P2 = "J", 

di d 2 

we define 

j / \. / ||K pi ,p 2 ||s,oo if n^n 2 + d^d 2 G inv 5 and t(n^n 2 + d^d 2 ) = o, 

dcr(Pi,P2).= | j otherwise. (2>1) 

d c , r given by (12. It) is well-defined, and it is bounded above by 1. It is also clear that if the 
two plants have normalized coprime factorizations, that is, if also 

n^ni + d];di = 1 = n 2 n 2 + d 2 d 2 , 

then it is clear that d c ,r(Pij P2) = d u (pi, P2), where d v is the extension of the i^- metric defined 
in pQ. We note however, that d v was defined on the set S n of elements in the field of fractions 
possessing a normalized coprime factorization, and for some rings R (for example R = -A(B), 
the disk algebra; see [9]), it may be the case that § n C §. 
Our first main result is the following: 

Theorem 2.3. d C)r is a metric on S. 

We will also show that stabilizability is a robust property of the plant and give the quanti- 
tative version of this in Theorem 1 2 . 5 1 b elow . But first, we have the following definition of the 
stability margin. 

Definition 2.4. Given p G ¥(R), we say that c G ¥(R) stabilizes p if 

-pc p 



H(p,c) 



1 — pc 1 — pc 

-c 1 



G R 2 * 2 . 



1 — pc 1 — pc 

We define the stability margin /i PjC of p, c G ¥(R) by 

1 



/^p,c 



if c stabilizes p, 



|H(p,c)|| 5]00 

otherwise. 



Here for a matrix M G S pxm with entries from S, we set 

\\M\\ s ,oo= sup \M((p)\, 
tpeM(S) 

where M denotes the matrix obtained by taking entrywise Gelfand transforms, and | • | denotes 
the induced operator norm when C p , C m are equipped with the usual Euclidean norms. 

Theorem 2.5. 7/p,p ,c G S, then /i PjC > /Up 0)C - <i c ,r(p,Po)- 

In order to show Theorem 12.51 the following fact will be useful. 

rip n c 

Lemma 2.6. If p, c G S have coprime factorizations p = — and c = —, then 

d p d c 

• f |np(^n c (v?)-dp(99)d c (^)| 



veA/(5) ^\n p (<p)\i + \d p ^)\^\Mv)\ 2 + \dc(<P)\ 2 
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Proof. The claim follows from the observations that 



H(p,c) 



dj,d c 



n, 



n r 



d, 



and 

for ip G M(S). 



I 



n c (v?) d c (<p) | = J\n p (ip)\ 2 + \d p {^p)\ 2 J\n c (^)\ 2 + \M^)\ 



a 



It follows from the above that /i PjC < 1. Also, // PiC = /i c ,p- 
Proposition 2.7. Lei p,c G § have coprime factorizations 



n 



- and c 



n, 
d r 



Then the following are equivalent: 

(1) c stabilizes p. 

(2) n p n c — d p d c G inv S and i(n p n c — d p d c ) = o. 

Proof. Suppose that c stabilizes p. Then it can be seen that n p n c 



It follows from (14) that n p n c 
On the other hand, if n p n c 



- d p d c G inv S and that t(n p n ( 
d p d c G inv S and i(n p n c — d p d c ) 



d p d r 



d p d c belongs to inv R. 

c) = °. 

3, then again by (14), we 



obtain that n p n c — d p d c G inv R. It follows from here that H(p, c) has each entry in R. □ 

The following elementary fact will be used often in our proofs. 

Lemma 2.8. For complex numbers a,b,a,(3, such that \a\ 2 + \b\ 2 > and \a\ 2 + |/3| 2 > 
there holds that 



1 



| a/3 — ba\' 



\aa + 



(|a|2 + |6|2)(| a |2 + |/3|2) (| a |2 + |6|2)(| a |2 + |^| 2) • 

The proof of Theorems 12.31 and 12.51 are analogous to the proofs given in [10] (in the case 
when R is the ring of rational functions bounded in the right hanf complex plane) and the 
proofs given in [1] (in an abstract setting). However, Theorems 12.31 and 12. 51 are not automatic, 
and do not follow from [I], since we consider a more general setting than the one considered 
in [1] (merely coprime factorizations versus normalized coprime factorizations). 

3. d v IS A METRIC 

Proof of Theorem \2.3l The fact that d C)T is nonnegative is trivial. Also, if d C r(Pi)P2) = 0, 
then it is clear that pi = P2- Symmetry is also easy to check. We only check the triangle 
inequality. Suppose that Pi,P2,Po G §• We want to show that 

dc,r(Pl,P2) < dc,r(Pl,Po) +4,r(P0,P2)- 

Since d c ^ r is bounded above by 1, this inequality is trivially satisfied if either d c ,r(pi)Po) = 1 

or d CjT .(po,P2) = 1- So we assume that d c ,r(pi)Po) < 1 an d dc.r (po>P2) < 1- Let 

n ni n 2 

Po = ~r, Pi = -J - , P2 = -j-, 
do di d 2 

be coprime factorizations. If njn2 + djd 2 G inv S and if t(njn 2 + d^d 2 ) = o, then the 
inequality follows from the triangle inequality in M 3 , that is from the triangle inequality for 
the generalized chordal metric; see [8]. 
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So we will assume that -i 


n|n 2 + djd 2 G inv S 1 and i(n*n 2 + djd 2 ) = o 


A :-- 


= (n*n + d^do) (n^ + dgd 2 ) G inv 5, 




Ginv S Ginv 5 


B := 


= (-nido + d*no)(-d n 2 + n d 2 ). 



. Let 



Suppose that \\A 1 B\\s : oo < 1- Then 

(njn 2 + djd 2 ) ■ (|n | 2 + |d | 2 ) = A + B = A(l + A~ X B) 



Ginv 5 



Ginv S 



and so n^n 2 + d^d 2 G inv S 1 . Let H : [0, 1] -> inv S be defined by H(t) = A(l + £A -1 .B), 
t G [0, 1]. By the nomotopic invariance of the index, l(A) = l(H(0)) = l(H(1)) = l(A + B). 
But l(A) = o+o = o. And using (15), c(A+B) = i(n^n 2 +dJd 2 )+o. Thus i(n^n 2 +djd 2 ) = o, 
a contradiction. 

So it can't be the case that ||.A _1 .B||5 )0O < 1. Since M(S) is compact, it follows from here 
that there exists a ipo G M(S) such that |J3(^o)| > |v4.(yo)|- Using Lemma [2.8l we obtain that 



(l-( Kpo , Pl (^ )) 2 )(l 



C P0,P2(^0))" 

l%o)| 2 



< 



ao(^o)| 2 + |do(^o)| 2 ) (|fii(^o)| 2 + |di(^ )| 2 ) (|a 2 (^o)| 2 + |d 2 (^ )| 2 

\B(<Po)\ 2 



\M<Po)\ 2 + |d (^o)| 2 J (\M<Po)F + |di(v? )| 2 J {\n 2 (<Po)\ 2 + |d 2 (^o)| 2 

= («P0,pi(¥>0)) • ((«po lP 2(^)) • 

Upon rearranging, we obtain (K POtPl (<po)) 2 + (^p ,p 2 ( i Po)) 2 > L and so 

4,r(P0,Pl)+4,r(P0,P2)) = ( Kpo.Pl (<Po) + «po,P2 (<Po) 



( k Po,pi(^o)J \- ^po.pa^o) 

2 



> 1 = (4,r(Pl,P2) 

This completes the proof of the triangle inequality, and also the proof of Theorem 12.31 □ 

4. STABILIZABILITY IS A ROBUST PROPERTY 

Proof of Theorem \2.5[ If d c , r (p, Po) > Mpo.cj then trivially we have 

Ai P ,c > > /i POjC - d C)7 .(p,Po)- 

So let us suppose that d C)7 .(p, Po) < Mp ,c- Since n P0)C < 1) it follows that d Cjr (p,po) < 1. 
Also, /x P0)C 7^ 0, since otherwise we would have d c ,r(P>Po) < 0, which is impossible. So 
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A'pcc > 0. Hence c stabilizes po- We have 

\n p (p)d pfi (cp) - n p ((p)d Pt0 (<p)\ 



d c ,r(P,Po) = SUp 



""■f I i 

,eM(s) ^\*M\ 2 + IdpMI 2 Vl%,o(v)| 2 + |d Pl oMP 

|n p ,o(y?)n c (</9) - d p,o(^)d c (9?)| 



< inf 



^ M{S) A/lS^oMI 2 + Idp.oMlVlficMI 2 + |d c (^ 
MpoiC- 



So for all y> G M(S), 



SpMP + |d P M| 2 Vl%,oMI 2 + |d P)0 MI 2 
|n p ,o(y)fic(y) ~ d P|0 (y>)d c (<p)| 
^/|n p , (^)| 2 + |d p , (^)| 2 ^|a c (99)| 2 + |d c (v9)| 2 
Using the elementary result in Lemma 12.81 we obtain 

|(dp i0 (y>))*n c (y) + (fi p , (( / 9)) ,|, d c (v3)| 
^|n c M| 2 + |d c (^)|y Ifip.oMI 2 + |d p , (^)| 2 
< |(n Pi o(y>))*np(y) + (dp, (y;))*dp(y>)| 



|fip,o(v?)l 2 + |d Pl o(^)l 2 Vl a pMI 2 + l d P^)l 2 
Since all quantities in the inequalities (14. If) . (I4.2p are positive, we may multiply them to obtain 

l(dp,o(¥>))*n c (y>) + (n Pi o(<^))*d c (v9)||a p (v9)d P)0 (^) - n p (ip)d pfi (f)\ 
< \(n pfi (<p))*np(<p) + (d p>0 (^))*d p (v3)||n Pi o(^)S c (v3) - d Pt0 (ip)d c (<p)\ (4.3) 



Define 



A : = (n p0 n p + d p0 d p ) • (-n c n Pj0 + d c d Pi0 ) G mv S, 

v ' V v ' 

einv S as d c , r (p,p )<l einv 5 as c stabilizes p 

B := (-n p d Pi0 + d p>0 d p ) • (d p0 n c + n p0 d c ). 



From (14.31). we know that \\A 1 B\\soo < 1- Since 



5,00 
(n p n c - d p d c ) (|n p>0 | 2 + |d Pj0 | 2 ) = A + B = A(l + A~ l B), 

S v ' V v ' 

einv S inv S 

it follows that n p n c -d p d c G inv 5. Define the map if : [0, 1] -)■ inv 5 by fl"(t) = j4(l+yl _1 .B), 
t G [0, 1]. By Proposition EU l(H(0)) = i(H(l)). But l(H(0)) = l{A) = + = o, and 

t(H(l)) = i(n p n c - d p d c ) + o = i(n p n c - d p d c ). 

Consequently, i(n p n c — d p d c ) = o. It follows from Proposition 12.71 that c stabilizes p. 
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It is easy to check that 

(n p n c - d p d c )(|n Pi0 | 2 + |d p ,o| 2 ) 
= (n* o% + d* d p )(n c n Pi0 - d c d p>0 ) + (n p d p>0 - n p>0 d p )(n c d* + n* d c ). 



Thus for (p G M(S), 



\n p (ip)n c (ip) - dp(<p)dc(ip)\ 



n p (<p)\2 + \d p (<p)\^\a c (<p)\ 2 + \M<p)\ 2 

%,o(<p)^p(<p) + dp,o(¥ , )dp(y)) (n c (¥?)n Pi o(y?) - d c ((p)dp >0 (<p) 



+ 



^/|n p (<^)| 2 + \d p (p)\ 2 ^/\n c (v)\ 2 + |d c ((^)| 2 (|fi p , (v?)| 2 + |d p , (^)| s 
n p (ip)d pfi (<p) - n pfi (<p)d p (<p)) (n c (tp)d* (ip) + n* fi (ip)d c (tp) 



|S P M|2 + |d p (^)|V|S c M| 2 + \d c (tp)\* [\n pfi (v)\ 2 + |d p , (^)| 2 
> (sin a) • (cos/3) — (cos a) • (sin/3) = sin(a — /3), 



where a, /3 € [0, 7r/2] are such that 



Then 



sin a 



sin/3 



cos a 



cos/3 



n Pi0 ((/?)n c (v?) +d Pi0 (^)d c (v?)| 



ScMI 2 + |d c (y?)| 2 V|fi p ,o(^)| 2 + |d p , (^)| 2 
| - n p ((p)d pfi (cp) + n Pt o(<p)d p (<p)\ 



S p (^)| 2 + \d p {cp)\ 2 J|n Pi oM| 2 + |dp,oM| : 



|n c Md; i0 (^) + d c (<^)n; i0 (^)| 



n c (^)| 2 + |d c (^)| 2 ^|S Pi oM| 2 + |d p ,oMI 2 
l%(<^)fi;,o^) +d p , (^)d; i0 (9?)| 



n P M| 2 + |d p (^)| 2 V|n p ,oM| 2 + |d p ,oM| 2 



Since sin 1 : [0, 1] — > [0, tt/2] is increasing, we obtain for if G M(S), 



sin 



|np(y)n c (^) -dp(y>)d c (<p)| 



>a-j3. 



n p ^)| 2 + |d p M| 2 V|n c M| 2 + |d c M| 2 
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But 



a-p 



sin 



— sin 



n p ,o(v?)n c (93) + d pfi (tp)d c (p)\ 



S c (v9)| 2 + \d c (<p)\ 2 ^\ri p>0 (<p)\ 2 + |d p ,oM| 2 
i I - n P 0)d p ,oM + fi p ,o(</?)dp(y?)| 



n p (^)| 2 + |d p (^)| 2 ^|a Pi0 (c^)| 2 + |d p>0 (c^)| 2 

^ Sill ftpo,c Sill = , 

V IfipfoOl 2 + |5 P (^| 2 Vl a p.oMI 2 + |d p ,oMI 2 
> sin -1 // P0)C - sin" 1 4,r(p, Po)- 



Hence 



sin Vp,c>sin l /j, po>c - sin * d c ,r(p,Po)- (4.4) 

For x,y,z £ [0, 1], if sin" 1 x < sin -1 y + sin -1 z. By taking the cosine of both sides and using 
that the cos is a decreasing function on [0, f], we then get yl — x 2 > y/l — y 2 \J\ — z 2 — yz, 
which in turn implies that (\A — x 2 + yz) 2 > (1 — y 2 )(l — z 2 ). Hence 

x 2 < y 2 + z 2 + 1yz\]\ - x 2 < y 2 + z 2 + 2yz ■ 1 = (y + z) 2 , 

which gives finally that x < y + z. The claimed inequality now follows immediately from the 
inequality in (J4.4H upon setting x = jU P0:C , y = d CjT .(po,p) and z = /i p , c - D 

5. Specific instances of i? 

Tabled] below gives an overview of the choice of principal objects S, G, i specific to choices 
of R as the standard classes of stable transfer functions used in control theory. 



R 


S 


G 


£ 


RH°° 

A(B), 
W+(B), 

L^oo) + C, 


C(T) 


Z 


/->«(/) 


A + 


Cq + AP 


IxZ 


/ = /o + Zap h- (u- av (/Ap) + w(l + /Jp/o)) 


H°° 


Inn C b {K) 

\l 
C((3A \ Aq) 


z 


[(/r)r] ^ hmw(/ r ) 
r— >1 



Table 1. Choices of S, G, i corresponding to specific instances of R. 
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5.1. R = RH oo ,A(S}),W + {B),L 1 [0,oo)+C,---. Let 

{s G C : Re(s) > 0}, 
{zeC: \z\ < 1}, 
{z£C: \z\ = 1}, 

BUT. 



C >0 

B 
T 



Recall that 

RH°° := {/ : C >0 — > C : / is rational and bounded in C >0 }, 

A(B) := {/ : B — >• C : / is holomorphic in B and continuous in B}, 

oo oo 

W + (B) : = {/: f(z) = s ^a n z n (z G B) and ^ |a„| < +oo}, 

n=0 n=0 

lX\0^o)+C := {/:/(j)=/.(s) + /o(seC >0 ), where / a G L^O.oo), /o G C}. 

In the above, / a denotes the Laplace transform of / a G L 1 [0,oo). 

In each of these cases, the values of the function on the boundary of the domain of definition 
gives rise to a function which can be considered to be an element of the C*-algebra 

S := C(T) := {/ : T — > C : / is continuous on T}. 

We take G = Z, and i : inv C(T) — > Z to be the winding number ui with respect to the origin: 

L (f):=w(f), /GinvC(T). 

Then it can be checked that (Al)-(A3) hold. Most of the details can be found in [T], except 
for (15), but this verification is obvious. Moreover, the || • ||s j00 -norm in the definition of the 
d Cjr -metric is the usual supremum || • Hoo-norm of functions in C(T). 



5.2. R = A+. Recall that 

{oo 
fe=0 

Let 



f a eL x [0,oo), (a fc ) fc > e£\ 

= to < *1)*2>*3) • • • 



Co := {/ : M — > C : / is continuous on R and lim f(x) = 0} 

x— >±oo 



AP := closed span in L°°(R) of {(R 3)x ^ e^ x : A G R}. 

Co + ^4-P, endowed with pointwise operations, with the supremum norm, and with involution 
given by pointwise complex conjugation, is a sub-C*-algebra of L°°(R); [3]. We will take 
5 := C + AP. Moreover, we take G = R x Z, and define i : inv (C + AP) -)• R x Z by 

*(/) = (^v(/ap), w(l + /I^/o)) , / = /o + /ap£ inv (C + AP), / G C , /ap G AP. 
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In the above, it; av : inv AP — > M denotes the average winding number, defined by 

lf n ,• arg(/(x)) - arg(/(-x)) 
WwUap) '■= hm , /ap G inv AP, 

see [5J Theorem 1, p. 167]. Again, it can be checked that (Al)-(A3) hold; see pQ. Since 
Co + AP is a sub-C*-algebra of L°°(IR), the || • ||s j00 -norm in the definition of the (i C)? --metric 
is the usual II • | loo-norm of functions in L 



00 



5.3. R = H°°. The Hardy algebra H°° consists of all bounded and holomorphic functions 
defined on the open unit disk D := {z G C : \z\ < 1}, with pointwise operations and the usual 
supremum norm. We recall the construction of S from [Jj. For given r € (0, 1), let 

A r := {z G C : r < \z\ < 1} 

denote the open annulus and let Cb(A r ) be the C*-algebra of all bounded and continuous func- 
tions / : A r — t- C, equipped with pointwise operations and the supremum norm. Moreover, 
for < r < R < 1 we define the map ir^ : C(,(A r ) — > Cf,(Ap) by restriction: 

n?V) = f\A R , /eC 6 (A r ). 
Consider the family (Cb(A r ),7r^) for < r < R < 1. We note that 

(i) ir T r is the identity map on Cb(A r ), and 
(ii) tt,? o ix r p = tt^ for all < p < r < R < 1. 

Now consider the *-algebra 

n cum 

re(0,l) 

and denote by A its *-subalgebra consisting of all elements / = (f r ) = (/r)rg(o,i) such that 
there is an index tq with n^ifr) = In for all < vq < r < R < 1. Since every 7iy is norm 
decreasing, the net (||/ r ||oo) is convergent and we define 

11/11 := lim \\fr\U 

r— s-1 

Clearly this defines a seminorm on A that satisfies the C*-norm identity, that is, 

11/711 = ll/ll 2 , 

where •* is the involution, that is, complex conjugation, see f)5.2|) below. Now, if N is the 
kernel of || • ||, then the quotient A/N is a C*-algebra (and we denote the norm again by || • ||). 
This algebra is the direct / inductive limit of (Cb{^r),^r) an d we denote it by 

limC 6 (A r ). 

To every element / G Cb(A ro ), we associate a sequence /1 = (/ r ) in A, where 

e _ / ° if < r < r , , , 

/r "\ <(/) ifr <r<l. ^- iJ 

We also define a map 7r r : Cb(A r ) — > lim Cb(A r ) by 

*V(/) == [/1], /Ga(A r ), 
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where [/i] denotes the equivalence class in lim C b (A r ) which contains f\. We will use the 
fact that the maps 7r r are in fact *-homomorphisms. We note that these maps are compatible 
with the connecting maps ir^ in the sense that every diagram shown below is commutative. 

C b (A r ) — ^-> C b (A B ) 

limC 6 (A r ) 

Then lim C b {A r ) is a C*-algebra, see [2j Section 2.6]. The multiplicative identity arises from 
the constant function / = 1 in C&(Ao), that is, 7To(/)- Moreover, we can define an involution 
in C b (A r ) by setting 

(/*)(*) :=7to, ^A r , (5.2) 

and this implicitly defines an involution of elements in lim C b {A r ). There is a natural embed- 
ding of H°° into lim C b (A r ), namely 

/ ^ vr (/) : H°° — ► hm C 6 (A r ). (5.3) 

We will take G = Z. For / G inv (C&(Ap)) and for < /) < r < 1 we define the map 
/ r : T -> C by / r (C) = /«), (el If / G inv (C 6 (A P )), then /' G inv (C(T)), and so 
/ r has a winding number w(f r ). We set w(f) := w(f r ) G Z with respect to 0, and it can 
be shown that this is well-defined. Now we define the map i : inv ( lim C;>(A r )) — > Z. For 
[(/ P )] G inv (hm C 6 (A r )), 

6(/) := lim w(/ r ), for / = [(/ r )] G inv (lim C b (A r )). (5.4) 

r— ¥l r 

It can be shown that i is well-defined and all the properties we demand are satisfied; see [4]. 
It was also shown there that lim Cfe(A r ) is isometrically isomorphic to C(/3Ao \ Ao) (where 

^Ao := Stone-Cech compactification of Ao, 

which is the maximal ideal space of the Banach algebra C b (Ao) of all complex- valued bounded 
continuous functions on Ao), and moreover lim C b (A r ) is a sub-C*-algebra of L°°(T). From 
here we see that the || • ||s j00 -norm in the definition of the (i Cjr -metric is the usual || • Hoo-norm 
of functions in L°°(R). 

6. An EXAMPLE 

As an illustration, we consider [6j Example 4.3], namely 

1 



Pi 



s — e ° 

It was shown in [6] that an algebraic spectral factorization leading to normalized coprime 
factors is not possible in this example. So calculating the ^-metric between this plant and a 
perturbed one, say 

1 

Pa • — Z7> 

s — ae s 
is problematic. Nevertheless, there exists a coprime factorization of 

n a 
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over H°° of the half-plane C >0 , where 



n„ : = 



l + s' 



d a 



s — ae 

l + s 



That this is a coprime factorization over H°° follows from the Corona Theorem. Indeed, we 
first that 



lim 

seC> 

s— >oo 



1 



1 + S 



Thus 



e := inf 

seC>o 



+ 



1 



s — ae 



l + s 



1. 



(6.1) 



l + s 



+ 



s — ae 



l + s 



exists, and moreover we can see that e > thanks to f)6.1|) and the fact that for all s G C >0 , 

1 



l + s 



>0. 



We will see that using this coprime factorization, we can compute d Ctr (p a ,pi) fairly easily. 
We remark also that p a is the transfer function associated with the retarded delay differential 
equation 



x'{t) = a-x(t-l)+u(t), 



y(t) = x(t) 
For s G C >0 , and with a =: 1 + 5, we have 



, t> 0. 



ni(s) -d a (s) +di(s) -n a (s) 



1 |s — e 

+ 



|l + s| 2 l + s 



~ s \ 2 e s (s — e~ 



|l + s| 



■• S^ 



■Ms) 



■Ms) 



1 



It is easy to see that since lim /i(s) = 1, and for all s G C >0 , /i(s) > 

sec> 1 + s\ z 

m := inf /i(s) > 0. 

sgC>o 

Also, lim /2(s) = 0, and so 

seC >0 



M := sup |/ 2 (s)| < +oo. 

sGC>o 

Consequently for all 5 = a — 1 small enough, for example, \5\ = \a — 1| < 



> 0, we have 



in 



2(M + 1) 



we have 



Re(ni(s) • d a (s) + di(s) • n a (s) 



> m — lei M > m 



m mm 

— • M > m = — > 0. 

2(M + 1) 2 2 
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So the condition that njd a + d^n a £ inv S and t(njd a + d*n a ) = o will be satisfied for all 
such values of the parameter a. Hence 

\ni(iy)d a (iy) - di(iy)n a (zy)| 



[l] 

[2] 

[3] 

[4] 

[5] 

[6] 

[7] 
[8] 

[9] 
[101 



d c ,r(pi,Pa) = SUp 



VM%)| 2 + |d!(iy)| VMW + \d a (iy)\ 2 

|a-l| 
i + y 2 



1 + y + 1 + 2y sin y / 1 + y + a 2 + 2ay sin y 

T+y 2 V 1 + y 2 

la — II 



V2(l + « 2 ) 
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